The increase in employment away from Central Business Districts raises questions about the continued applicability of the monocentric model and its prediction of the negative decline of density, yet the model continues to be used and produces reasonable results. This paper argues that while the development of multiple employment subcenters produces variation in density patterns resulting in declining goodness-of-fit of the negative exponential model when estimated using data for small areas, the overall pattern continues to be a general decline of density with distance. The negative exponential model is estimated using data on densities both for census tracts and concentric rings around the center for 43 large urban areas in the United States from 1950 to 2010. The R 2 values for the estimates using the tract data decline steadily after 1970, while the ring estimates show only small decreases. It is further hypothesized that since more general measures of accessibility to employment may now better predict density at the tract level, distance to the center as a proxy incorporates increasing error, resulting in attenuation bias in the estimates of the density gradients, which was shown by comparing the tract and ring estimates.
Introduction
The monocentric model predicts the negative exponential decline of density with distance from the center (Muth 1969; Mills 1972) . It is based on the assumption that people value proximity to employment, all of which is assumed to be located in the central business district (CBD). This pattern of density decline has been observed and continues to be observed in urban areas throughout the world. Researchers continue to use the negative exponential model to describe and analyze urban areas (e.g., Angel 2012; Paulsen 2014) .
But employment has been moving away from the CBD for many decades. Mills (1972) showed employment decentralization for at least some areas started in the early twentieth century (while at the same time presenting the monocentric model). Employment outside the CBD encompasses both large employment subcenters such as ! 1 "edge cities" (Garreau 1991 ) and more widely dispersed suburban employment (Lang 2009 ). Urban areas have evolved from the monocentric cities with much employment located at the center to polycentric cities having multiple employment centers. Song (1994 Song ( , 1996 found that measures of accessibility to employment across urban areas better predicted population densities than distance to the center. The monocentric model also predicts the decline of land rents. Distance to the center has often not been significant in hedonic housing price models but distance to employment subcenters was shown to be significant for Los Angeles (Heikkila, et al. 1989) . And paralleling Song, employment accessibility performed better than distance to the center in a hedonic model (Ottensmann, Payton, and Man 2008) .
I showed in a previous paper that the goodness-of-fit of the negative exponential model estimated using tract data declined steadily after 1970 in 43 large urban areas in the United States (Ottensmann 2016) . But even for areas in which the R 2 values were extremely low (below 0.05), estimates for the parameters of the negative exponential model were consistent with values for earlier decades and with values obtained for areas with much better model performance. So despite the increasingly poor performance of the monocentric model, the negative exponential decline of density continues to be a feature of the polycentric city. This paper offers an explanation.
The following section explains how the decline of density with distance from the center can be maintained in the face of increasing employment dispersal and the development of employment subcenters and how the densities of concentric rings around the center can show this pattern. The data used and the methods for calculating the ring densities and estimating the models are addressed in the next part of the paper. Estimates for the negative exponential model made using both census tract and ring data are then reported.
Differences in the Decline of Density for Tracts and Rings
The monocentric model assumes that people value proximity to the employment in the CBD, will pay more for land located closer to that employment, and because of the higher land prices will purchase less land and live at higher densities. Densities will peak at the center and will decline in a negative exponential manner with distance. If an employment subcenter were to be developed in an urban area, a similar pattern should hold for that subcenter. People will value proximity, pay more, and densities will be higher and will decline with distance from the subcenter. Densities will likewise peak at the subcenter and will decline. If the subcenter has less employment than the CBD, proximity should be valued less, so the density peak for the subcenter should be lower.
The resulting pattern for an urban area with a single subcenter, smaller than the CBD, is shown in Figure 1 , which displays the density versus distance from the center along a line extending from the center through the subcenter. This shows 2 sets of negative exponential declines of density. First is the familiar, steady decline with distance from the center. Second is the decline in both directions from the lower, outlying density peak at the employment subcenter. This produces densities above those that would have been expected with only the decline with distance from the center for some distance in and out from the subcenter. Farther away from the subcenter, the densities associated with the CBD employment are greater. The resulting density pattern is given by the darker line. This declines with distance from the center until the point at which proximity to the subcenter produces higher densities. Densities reach the (lower) peak at the subcenter and then decline with distance from that subcenter until proximity to the subcenter is valued less than probity to the center and that dominates.
The pattern shown in Figure 1 illustrates why a negative exponential model estimated with census tract or other small area data will show a poorer fit. Census tracts near the subcenter will have much higher densities than would be expected with a negative exponential decline with distance from the center. So these tracts will introduce greater error in fitting the negative exponential model, producing a lower goodness-offit.
But it is important to emphasize that the pattern shown in Figure 1 applies only along the line from the center through the subcenter. Consider a circle around the center with a radius that is the distance of the subcenter to the center. The density at the subcenter is that shown in the figure. But just as density declines as you move away from the subcenter moving either in toward the center or farther out, density would also decline as you move along the circle away from the subcenter in either direction. Move far enough away, and the subcenter would have no effect. The density would be that predicted by the decline with distance from the center, as if the subcenter did not exist.
For purposes of calculating densities and estimating the negative exponential model, it is more practical to draw a series of concentric rings around the center than to consider densities at each distance. For the ring in which the subcenter is located, density would be highest at the subcenter. But it would quickly drop off moving away from the subcenter, and most of the ring would have the lower density associated with that distance from the center as if the subcenter were not there. The overall density for the ring would depend on all of these densities, it would be an average of the densities around the ring, highest at the subcenter but quickly dropping off to the level for much of the ring that would be the density associated with the negative exponential decline as if the subcenter were not present. This overall density for the ring would still be somewhat higher than what it would have been without the subcenter but it would be much lower than the density at the subcenter. When considering ring densities, a subcenter would produce a peak, but a much smaller peak. Now consider an urban area with multiple employment subcenters in addition to the CBD. If they were all at the same distance from the center, their combined effect would make the ring density at that distance higher. But it is highly unlikely that multiple employment centers would be at the same distance from the center. And being located at different distances from the center, one would have the smaller density peaks at those varying distances. Figure 2 shows the ring densities that might be expected for an area with 3 subcenters at varying distances. Each subcenter produces a much lower peak for the ring density, with the densities declining from the subcenter as moving to rings closer to and farther from the center. Because these are ring densities, the subcenters are not arrayed along a line extending from the center. They are most certainly located in different directions. The (non-ring) densities along the lines out through each subcenter might look very much like Figure 1 , with possibly only the effect of the one subcenter being seen on each graph.
Because the ring densities have much smaller departures from the negative exponential decline of distance from the center, the negative exponential model would be expected to fit the data much better than would be the case for estimation of the model using tract data. One would therefore expect that as the goodness-of-fit of the negative exponential model declined over time with the relative decline in CBD employment when estimated using tract data, little or no decline should be observed for estimates using ring densities.
The models estimated using the ring densities would also be expected to have a much better fit than those estimated using tract data in all situations. In general, aggregating data to larger areas tends to increase fit by averaging out some of the error in the data. In the estimation of the density model, a major source of error in tract densities arises from the fact that these are gross densities including varying amounts of nonresidential land, not the net residential densities that the model is actually predicting. Aggregating to rings smooths the effect substantially, as non-residential uses are expected in all rings.
The graph in Figure 2 also shows another effect of the employment subcenters, on the estimation of the density gradient. The lower negative exponential line in the figure shows the ring densities that would have been predicted based only on the presence of employment in the CBD. Note that it goes through the middle of the tops of the bars for those rings sufficiently removed from the subcenters. But the negative exponential model would be estimated including the higher densities for the rings near the subcenters. This would tend to pull the estimated function upwards near the rings, ! 5
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Distance from the CBD resulting in the estimation of a smaller density gradient with the subcenters. So the decentralization of employment could be an additional factor contributing to the decline of the density gradient over time in addition to lower transportation costs and higher incomes, which are the usual explanations offered.
This argument for why a general pattern of negative exponential decline of densities should continue even for highly polycentric cities assumes the CBD remains the largest employment center, which is still likely the case for most urban areas. It also follows closely the logic of the monocentric model, extending it to address the effects of the subcenters. But these assumptions need not be met to assure a decline of density with distance from the center. Not necessarily a negative exponential decline, but a pattern for which a negative exponential model could still be estimated.
As mentioned above, Song (1994 Song ( , 1996 found that accessibility to employment better predicted population density than distance from the center. And this makes sense with respect to one aspect of the monocentric model. If people are willing to pay more for proximity to employment, then a measure that takes into account the overall distribution of employment may work better than distance to the center when employment is not concentrated in the CBD. There are a variety of ways of measuring accessibility to employment. A very commonly used measure calculates accessibility for any location as the sum of employment over all the employment locations, weighted by a declining function of distance to the employment locations. So nearby employment is given more weight than more distant employment, which is reasonable. Now, for an area in which employment is uniformly or randomly distributed, the location of maximum accessibility to employment will be at the center. This is easy enough to see. Consider a circular urban area with a radius of 10 miles in which employment is uniformly distributed. At the center, the most distant jobs are 10 miles away, at the periphery. On the other hand, at the periphery, the most distant jobs are 20 miles away, and over half of the jobs are over 10 miles away. And this effect extends to smaller distances. Consider, for example, the number of jobs within 2 miles. At the center or at any location out to 8 miles from the center, there will be the same number of jobs within 2 miles. But as you move to locations beyond 8 miles, the number of jobs within 2 miles starts to decline, because portions of the 2-mile circles around the location fall outside the urban area, where there are no jobs.
The result is that accessibility to employment declines with distance from the center, even for an area with a random or uniform distribution of jobs. And if accessibility to employment determines density, density would be expected to decline with distance from the center as well.
The shift from using distance to the center as a predictor of density to using employment accessibility provides a basis for developing another hypothesis about the effect of using ring versus tract densities to estimate the negative exponential model. Using tract densities should produce an attenuation of the estimates of the density gradients compared to ring-based estimates for polycentric cities. This would be a result of measurement error.
In ordinary least-squares (OLS) regression, error in the explanatory variable can bias and attenuate the estimate of the regression coefficient given some reasonable (classical errors-in-variables) assumptions (Wooldridge 2006: 321-325) . But the explanatory variable in the negative exponential model is distance to the center, and what would be the source of increasing error in distance? Error in the distance is not the problem. If employment decentralizes and the area shifts toward a polycentric pattern, accessibility to employment becomes the better predictor of density. Accessibility should be considered to be the correct explanatory variable. With the monocentric city and the concentration of employment in the CBD, distance to the center served as a good measure of accessibility to employment. But with multiple employment subcenters, accessibility to employment will be higher near those subcenters and lower at other locations the same distance from the center. So for a model estimated using tract data, distance becomes an increasingly poorer measure of accessibility, hence more error and attenuation bias.
But the overall accessibility to employment declines with distance from the center, which will be the case for the density for rings. So the ring densities will have an average of the densities around the rings and will be more accurate predictors of density. With less measurement error, the estimates of the density gradient using ring densities will have less attenuation bias and should be greater in magnitude than the tract-based estimates in those situations departing from the monocentric model.
Data and Methods
The research reported in this paper is a direct extension of the work in the previous paper looking at the performance of the negative exponential model over time (Ottensmann 2016) . Except for those aspects involving the ring estimation, the data and methods are only briefly summarized here and the reader is referred to the earlier paper for more detail.
The basic data consist of housing unit densities by census tract for 43 large urban areas from 1950 to 2010. Housing unit densities are used because housing units better capture the pattern of urban development than population, which can vary with no changes to housing. The urban areas were delineated for each census year as consisting of those contiguous census tracts with housing unit densities greater than 3 acres per unit or 213.33 units per square mile. This is approximately equivalent to the minimum population density of 500 persons per square mile currently used by the Census in delineating Urbanized Areas (U.S. Bureau of the Census 2002, 2011). The tracts in each of these urban areas were used in the estimation of the negative exponential model, using the distances in miles from the tract centroid to the centroid of the central business district (CBD).
Estimation of the negative exponential model for rings required the calculation of estimates of the housing unit densities for concentric zones around the CBD. Rings with a width of 1 miles were used. Census tracts were assigned to the rings in which their centroids were located. The areas and numbers of housing units were summed and used to calculate the density for each ring. Of course tract boundaries do no coincide with the boundaries between rings. So parts of some tracts assigned to a ring will fall outside the ring, and some areas within the ring will belong to tracts with centroids in other rings. It is assumed that these errors will generally tend to cancel and that the estimates of the ring densities will be reasonable.
Another issue for ring densities is that portions of some rings will not be included within the urban area due to areas that cannot be developed (such as water) or because insufficient development has occurred to meet the minimum density threshold. The latter, of course, becomes more of an issue nearer the periphery of an urban area, which can often be quite irregular. It is not reasonable to give the density for a ring including small amounts of development the same weight in the estimation as completely developed rings. To take this into account, the ratio of the area of the urban census tracts assigned to a ring to the total area of the ring is calculated for each ring. As with the estimates of ring densities, there will be error introduced because the tract boundaries do not coincide with the ring boundaries. Again, it is assumed that much of the error will cancel out and that these will be reasonable estimates of the extent to which the ring is included in the urban area.
The monocentric model posits the negative exponential decline of density with distance from the center: ! where D i is the density in tract or ring i, s i is the distance from the center to tract i or the midpoint of ring i, D 0 is the density at the center, β is the density gradient, and e is the base of the natural logarithms. For estimation, this is transformed by taking the natural logarithm of both sides,
producing a linear relationship that can be estimated using ordinary least squares regression. Log of density is regressed on distance to estimate the central density and density gradient parameters. For the tract estimates of the negative exponential model, the log of the tract densities was regressed on distance for the tracts within each of the urban areas for each year. For the ring estimates, the log of the ring densities was regressed on distance, weighting the regression by the ratio of the ring urban tract area to the total ring area to adjust for partially developed rings.
Tract and Ring Estimation of the Model
The mean goodness-of-fit of the models measured by R 2 for the tract and ring estimations of the negative exponential model for the 43 areas from 1950 to 2010 are presented in Table 1 . Beginning with the estimates made using the tract data, the mean R 2 values remained fairly constant from 1950 through 1970. After 1970, R 2 declined steadily, reaching a value of 0.19 in 2010 that was just over half the maximum value of 0.36 in 1970. The next column shows the percentage declines for each decade after 1970, which were especially large from 1970 to 1990. This is very consistent with a shift away from a monocentric pattern to a more polycentric pattern in those latter decades. Now consider the estimates made using the ring data. The R 2 values are all much higher than the tract estimates, as expected from the aggregation of the data. But the values vary much less over time. A small increase can be seen from 1950 through 1970, followed by fairly small declines in the following 2 decades, with minimal differences for the last three values. The small decline from 1970 through 1990 is not surprising given that the shift to a more polycentric pattern would introduce some departures from the negative exponential pattern as shown in Figure 2 . However the shift to a more polycentric pattern did not produce the dramatic decline in the goodness-of-fit for the ring densities that was observed with the tract densities.
The differences between the tract and ring data and estimates can be seen by comparing the plots of tract densities with distance and ring densities with distance. Figures 3 and 4 show these plots for Indianapolis in 2010, first for the tracts and then for the rings. The value of R 2 for the tract estimate of the negative exponential function in 2010 was 0.25, down from 0.45 in 1970, demonstrating the shift consistent with a more polycentric pattern that is similar to the overall mean results. The extent of variation in densities around the estimated function is clear For the ring estimates, on the other hand, the R 2 value in 2010 was 0.87, not that much less than the high of 0.96 in 1970. And the extent to which the ring densities closely confirm to the negative exponential estimate is readily apparent.
A further hypothesis suggested that if accessibility to employment were the appropriate predictor of density rather than distance to the center, the shift towards a more polycentric pattern would mean that for the estimation using tract densities, distance to the center would become a progressively poorer measure of accessibility, with more measurement error, resulting in attenuation bias in the estimation of the regression coefficient. But more generally accessibility to employment would continue to decline with distance, so estimation using ring densities would have less problem with attenuation bias. Table 2 presents the mean regression coefficients-the density gradientsestimated using both the tract and ring data for each year. Both sets of estimates show a steady decline from 1950 to 2010. There is no attenuation bias evident in the tract estimates for 1950 through 1970. The estimates for 1960 and 1970 are extremely close, and the tract estimate for 1950 is actually higher than the estimate using the ring data. But after 1970, the tract estimates of the density gradient decline more rapidly than the ring estimates and are progressively smaller. The rightmost columns of the table show the difference between the tract and ring density gradients and the percentage by which the tract gradients are lower than the ring gradients. The greatest differences are for 2000 and 2010, with the tract estimates being 17 percent and 24 percent lower in 2000 and 2010 respectively. This is consistent with attenuation bias resulting from the increasing error associated with using distance to the center rather than accessibility to employment as the predictor of density.
Conclusions
The proposition has been advanced that with a shift from a monocentric to a polycentric distribution of employment, the goodness-of-fit of the negative exponential model predicting density decline with distance will decrease. As this would only affect limited areas at varying distances from the center, the average density as a function of distance, measured for rings around the center, would still show consistent decline with distance with the goodness-of-fit not greatly diminished. Indeed, if a more general measure accessibility to all employment is a better predictor of density, accessibility and therefore density would be expected to continue to decline with distance even with a uniform or random distribution of employment. This would imply that with a more polycentric distribution, distance to the center would be an increasing less accurate measure of accessibility at the level of the census tract. The result of this error would be attenuation of the estimates of the density gradient when using tract data.
The results obtained comparing the estimates of the negative exponential model using tract and ring data confirmed these expectations. The R 2 values for the tract estimates were relatively constant from 1950 through 1970 but then declined steadily to 2010, falling to a value just over half the level for 1970. Values of R 2 obtained estimating the model using the ring data were much higher overall, as expected, and remained high, with only a small decline from 1970 to 2010.
The predicted attenuation of the tract estimates of the density gradient with an increasingly polycentric pattern was also observed. The estimates of the density gradient using the tract data were no lower than the estimates using the ring data from 1950 to 1970, the same period over which the R 2 values did not decline. After 1970, the tract estimates were biased downward compared to the ring estimates because distance to the center became an increasingly less accurate measure of accessibility to employment.
These results help to explain how the conflicting observations about the continuing relevance of the monocentric model can both be reasonable. As employment has decentralized and the pattern has shifted from a monocentric to a polycentric pattern, the distribution of residential densities has become more irregular in response, resulting in poorer fit of the negative exponential model when estimated using data at the census tract level. This is also consistent with findings that more generalized measures of accessibility to employment better predict density than distance from the center.
On the other hand, the average density with distance from the center as measured by the densities in concentric rings continued to decline in a more regular fashion. As a result, the estimation of the negative exponential model using both tract and ring data continued to provide reasonable and consistent estimates. And the goodness-of-fit for the estimates using the ring data showed little decline. This provides some support for the continued, if more limited, relevance of the monocentric model in a polycentric world.
